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Abstract The popular Expectation Maximization technique
suffers a major drawback when used to approximate a den-
sity function using a mixture of Gaussian components; that is
the number of components has to be a priori specified. Also,
Expectation Maximization by itself cannot estimate time-
varying density functions. In this paper, a novel stochastic
technique is introduced to overcome these two limitations.
Kernel density estimation is used to obtain a discrete esti-
mate of the true density of the given data.A Stochastic Learn-
ing Automaton is then used to select the number of mixture
components that minimizes the distance between the density
function estimated using the Expectation Maximization and
discrete estimate of the density. The validity of the proposed
approach is verified using synthetic and real univariate and
bivariate observation data.

1 Introduction

The Expectation Maximization algorithm (EM) [9] perhaps
is the most frequently used technique for estimating class-
conditional probability density functions (PDF) in both uni-
variate and multivariate cases. It has been widely applied in
computer vision [3], speech processing [19] and pattern rec-
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ognition [4] applications. In all of these areas, EM is used to
model the underlying PDF of a data set using a given para-
metric model. Usually a mixture of Gaussians with a finite
number of components is used to approximate the density
function.

The advantage of EM is providing a closed-form ana-
lytical representation of the PDF. However, for mixtures of
Gaussians, it suffers a number of drawbacks. For example,
the number of components has to be a priori specified. This
number has to be accurately specified in order to balance
between the accuracy of the estimated PDF on one hand, and
its complexity, which affects the speed of both training and
testing, on the other. Also, the resulting PDF is very sensitive
to the initialization of the mixture parameters (particularly the
mean vectors.) Therefore, it is not guaranteed to converge to
the global minimum. Finally, EM by itself cannot be used to
estimate time-varying densities.

On the other hand, kernel density estimators (also known
as Parzen Windows and nonparametric density estimators)
such as [20], nonparametrically provide an accurate estimate
of the true density function but has a complexity of O(N ×
M), where N is the number of observations and M is the
number of points for which the density need to be estimated.
Elgammal et al. [10] reduced this complexity to O(N + M),
for up to 3D data, using the Fast Gauss Transform (FGT) [12].
Yang et al. [23] introduced the Improved FGT for computing
the density with O(N+M) complexity in higher dimensions.
Therefore, using EM is advantageous since it computes the
density with constant complexity compared to the linear (at
best) complexity of the nonparametric techniques.

Several attempts have been made to overcome the draw-
backs of the EM algorithm. Figueirdeo and Jain [11] broadly
classify these methods into two categories: deterministic ap-
proaches and stochastic approaches. Deterministic methods,
such as [6–8], are based on selecting the number of com-
ponents according to some model selection criterion, which
usually contains an increasing function that penalizes higher
number of components. In [5], [18] and [21] stochastic ap-
proaches based on Markov Chain Monte Carlo methods are
used.
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Fig. 1 Automaton operating in a random environment where u repre-
sents the optimal action as selected by the automaton and y indicates
the satisfaction of the environment with the selected action

This paper introduces a new stochastic approach to over-
come the drawbacks of the EM algorithm. The proposed ap-
proach is based on computing a distance measure between
a density function estimated using the EM and the discrete
density estimated using kernel methods. A Stochastic Learn-
ing Automaton (SLA) [15] is then used to find the number of
mixture components that minimizes the distance.

Studying of Learning Automata started in the early 1960s
[14,22]. Learning automata theory provides a framework for
the design of automata which interact with a random envi-
ronment and dynamically learn the behavior that minimizes
the probability of a penalty. Since the 1960s, this field has
seen vast improvements and developments [1,17]. The main
advantage of SLA is that no knowledge about random envi-
ronment, in which the automaton operates, or the function to
be optimized is required.
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Fig. 2 Mixture used in first example. Two well-separated bivariate Gaussians

This paper is organized as follows. Section 2 introduces
the proposed approach for selecting the number of mixture
components. Experimental results verifying the validity of
the proposed approach are presented in Sec. 3. Section 4 con-
cludes the paper and introduces directions for future research.

2 The approach

2.1 Density estimation

Let X = {x1, x2, . . . , xN } be a set of N multivariate vectors
for which a parametric probability density needs to be esti-
mated. The density function can be modeled as a mixtures of
Gaussian components as shown in Eq. 1

pEM(x) =
k∑

j=1

πjp(x|�j), (1)

where x is the vector, k is the number of mixture compo-
nents, πj s are the mixing weights such that

∑k
j=1 πj = 1

and �j is the parameter set of component j . The conditional
probability density of components j is given by

p(x|�j) = 1

(2π)d/2|�j |1/2

exp

(
−1

2
(x − µj)

T �−1
j (x − µj)

)
, (2)

where µj and �j are the mean and covariance matrix of com-
ponent j respectively and d is the dimensionality. EM can be
used to estimate the parameters of the mixture (i.e. πj s and
�j s) by iteratively applying the update Eqs. 3, 4 and 5, as
follows:


























